Introduction {#Sec1}
============

In 1967 Gardner, Greene, Kruskal, and Miura developed a mathematical method---the inverse scattering transform (IST)^[@CR1]^---disclosing the inner features of nonlinear waves in hydrodynamics, plasma physics, nonlinear optics and many other physical systems^[@CR2]--[@CR4]^. According to IST, one also predicts the periodical regeneration of the initial state, as in the Fermi-Pasta-Ulam-Tsingou recurrence^[@CR5],[@CR6]^.

The nonlinear Schrödinger equation (NLSE)^[@CR7]^ is a cornerstone of IST for detailing dispersive phenomena, such as dispersive shock waves (DSWs)^[@CR8]--[@CR10]^, rogue waves (RWs)^[@CR11]--[@CR14]^, and shape invariant solitons^[@CR15]--[@CR17]^. DSWs regularize catastrophic discontinuities by means of rapid oscillations^[@CR18]--[@CR22]^. RWs are giant disturbances appearing and disappearing abruptly in a nearly constant background^[@CR23]--[@CR34]^. Solitons are particle-like dispersion-free wave packets that can form complex interacting assemblies, ranging from crystals to gases^[@CR15],[@CR16],[@CR33],[@CR35]--[@CR37]^.

DSWs, RWs, and soliton gases (SGs) are related phenomena, and all appear in paradigmatic nonlinear evolutions, such as the box problem for the focusing NLSE^[@CR38]--[@CR43]^. However, for the box problem in the small-dispersion NLSE, IST becomes unfeasible. In this extreme regime, the problem can be tackled by the so-called finite-gap theory^[@CR40],[@CR44]^. It turns out that extreme waves are described in terms of one single mathematical entity, the Riemann theta function, and classified by a topological index, the genus $\documentclass[12pt]{minimal}
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                \begin{document}$$g$$\end{document}$ (see Fig. [1](#Fig1){ref-type="fig"}). In nonlinear wave theory, $\documentclass[12pt]{minimal}
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                \begin{document}$$g$$\end{document}$ represents the number of oscillating phases and evolves during light propagation: "single phase" DSWs have $\documentclass[12pt]{minimal}
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                \begin{document}$$g\ > > \ 2$$\end{document}$. This creates a fascinating connection between extreme waves and topology. Indeed, the same genus $\documentclass[12pt]{minimal}
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                \begin{document}$$g$$\end{document}$ allows a topological classification of surfaces, to distinguish, for examples, a torus and sphere (Fig. [1](#Fig1){ref-type="fig"}). The question lies open if this elegant mathematical classification of extreme waves can inspire new applications. Can it modify the basic paradigm by which the asymptotic evolution of a wave is encoded in its initial shape, opening the way to controlling extreme waves, from lasers to earthquakes?Fig. 1Topological classification of extreme waves. **a** Final states of the wave for a fixed initial waist $\documentclass[12pt]{minimal}
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                \begin{document}$${W}_{0}=100\,\upmu$$\end{document}$m showing the generation of focusing dispersive shock waves ($\documentclass[12pt]{minimal}
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                \begin{document}$$g \sim 2$$\end{document}$), and a soliton gas ($\documentclass[12pt]{minimal}
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                \begin{document}$$g\ > > \ 2$$\end{document}$) after different time intervals in a photorefractive material (see text). **b** Phase diagram reporting the final states in terms of the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon$$\end{document}$ and the initial beam waist. Transitions occur by fixing waist and varying $\documentclass[12pt]{minimal}
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                \begin{document}$$t$$\end{document}$. Different surfaces displayed in proximity of the various wave profiles, corresponding to the different regions in the phase diagram, outline the link between the topological classification of extreme waves in terms of the genus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g$$\end{document}$ and the topological classification of toroidal Riemann surfaces (for a sphere, $\documentclass[12pt]{minimal}
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                \begin{document}$$g=0$$\end{document}$, for a torus, $\documentclass[12pt]{minimal}
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Here, inspired by the topological classification, we propose and demonstrate the use of topological indices to control the generation of extreme waves with varying genera $\documentclass[12pt]{minimal}
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                \begin{document}$$g$$\end{document}$^[@CR41]^. We consider the NLSE box problem where, according to recent theoretical results^[@CR40]^, light experiences various dynamic phases during propagation, distinguished by different genera. In particular, for high values of a nonlinearly scaled propagation distance $\documentclass[12pt]{minimal}
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                \begin{document}$$g \sim \zeta$$\end{document}$. By continuously varying $\documentclass[12pt]{minimal}
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                \begin{document}$$g$$\end{document}$ and explore all the possible dynamic phases (see Fig. [1](#Fig1){ref-type="fig"}, where $\documentclass[12pt]{minimal}
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                \begin{document}$$t$$\end{document}$, detailed below). We experimentally test this approach in photorefractive materials, giving evidence of an unprecedented control of nonlinear waves, which allows the first observation of the transition from focusing DSWs to RWs.

Results {#Sec2}
=======

Time-dependent spatial box problem {#Sec3}
----------------------------------
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                \begin{document}$$\psi =\psi (\xi ,\zeta )$$\end{document}$ is the normalized complex field envelope, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta$$\end{document}$ is the propagation coordinate, $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi$$\end{document}$ is the transverse coordinate and $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon \ > \ 0$$\end{document}$ is the dispersion parameter. We take a rectangular barrier as initial condition$$\documentclass[12pt]{minimal}
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                \begin{document}$$q\ > \ 0$$\end{document}$, length $\documentclass[12pt]{minimal}
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                \begin{document}$$q=l=1$$\end{document}$. Equation ([1](#Equ1){ref-type=""}) with ([2](#Equ2){ref-type=""}) is known as the NLSE box problem, or the dam break problem, which exhibits some of the most interesting dynamic phases in nonlinear wave propagation^[@CR40],[@CR45]^. The initial evolution presents the formation of two wave trains counterpropagating that regularize the box discontinuities. These wave trains are single-phase DSWs ($\documentclass[12pt]{minimal}
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                \begin{document}$$g=1$$\end{document}$). Their two wavefronts superimpose in the central part of the box (see Fig. [1](#Fig1){ref-type="fig"}a)--occurring at $\documentclass[12pt]{minimal}
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                \begin{document}$$\zeta ={\zeta }_{0}:= \frac{l}{2\sqrt{2}q}$$\end{document}$ -- and generate a breather lattice of genus $\documentclass[12pt]{minimal}
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                \begin{document}$$g=2$$\end{document}$, a two-phase quasi-periodic wave resembling an ensemble of Akhmediev breathers (ABs)^[@CR13],[@CR28]^. Since both the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi -$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi \simeq 0$$\end{document}$ become locally approximated by Peregrine solitons (PSs)^[@CR13],[@CR46]--[@CR48]^. At long propagation distances $\documentclass[12pt]{minimal}
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                \begin{document}$$\zeta \ > > \ {\zeta }_{0}$$\end{document}$, the wave train becomes multi-phase and generates a SG with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g \sim \zeta$$\end{document}$.

In Fig. [1](#Fig1){ref-type="fig"}a, we report the wave dynamics in physical units, as we make specific reference to our experimental realization of the NLSE box problem for spatial optical propagation in photorefractive media (PR). In these materials, the optical nonlinearity is due to the time-dependent accumulation of free carriers that induces a time-varying low-frequency electric field. Through the electro-optic effect, the charge accumulation results into a time-varying nonlinearity. The corresponding time-profile can be controlled by an external applied voltage and the intensity level^[@CR49]--[@CR51]^. These features enable to experimentally implement our topological control technique. In PR, Eq. ([1](#Equ1){ref-type=""}) describes an optical beam with complex amplitude $\documentclass[12pt]{minimal}
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                \begin{document}$${I}_{0}$$\end{document}$ the initial intensity. For PR$$\documentclass[12pt]{minimal}
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Genus control {#Sec4}
-------------

For a given propagation distance $\documentclass[12pt]{minimal}
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Following the theoretical approach in ref. ^[@CR40]^, the two separatrix equations divide the evolution diagram in Fig. [1](#Fig1){ref-type="fig"}a into three different areas: the flat box plateau with genus $\documentclass[12pt]{minimal}
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Equation ([5](#Equ5){ref-type=""}) expresses the genus time-dependence for its first three values $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g$$\end{document}$. According to Eq. ([4](#Equ4){ref-type=""}), we use time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t$$\end{document}$ and initial waist $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${W}_{0}$$\end{document}$ to vary $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon$$\end{document}$. The accessible states are outlined in the phase diagram in Fig. [1](#Fig1){ref-type="fig"}b, in terms of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${W}_{0}$$\end{document}$. Choosing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${W}_{0}=100\,\upmu$$\end{document}$m as in Fig. [1](#Fig1){ref-type="fig"}a, by varying $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t$$\end{document}$ one switches from DSWs to RWs, and then to SGs.

Supervised transition from shock to rogue waves {#Sec5}
-----------------------------------------------
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The occurrence of RWs in the large box regime is proved also by statistical analysis, illustrated in Supplementary Information (Suppl. Fig. [2](#MOESM1){ref-type="media"}h, i).

Figure [3](#Fig3){ref-type="fig"} shows the experimental observation of the controlled dynamics simulated in Fig. [2](#Fig2){ref-type="fig"}. Figure [3](#Fig3){ref-type="fig"}a sketches the experimental setup, detailed in Methods. A quasi-one-dimensional box-shaped beam propagates in a photorefractive crystal, and the optical intensity distribution is detected at different times. The observations of shock velocities and beam propagation for $\documentclass[12pt]{minimal}
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                \begin{document}$${W}_{0}=140\,\upmu$$\end{document}$m are reported in Fig. [3](#Fig3){ref-type="fig"}b, c, respectively. In Fig. [3](#Fig3){ref-type="fig"}c, we see an initial DSW phase that evolves into a train of large amplitude waves. In this regime, we identify a breather-like structure (ABs, inset in Fig. [3](#Fig3){ref-type="fig"}c) that evolves into a SG at large propagation time. The DSW phase is investigated varying the input power. We find a linear increasing behavior of the shock velocity when increasing the power (Fig. [3](#Fig3){ref-type="fig"}b), as predicted by Eq. ([6](#Equ6){ref-type=""}). The shock velocity is proportional to the distance between the two counterpropagating DSWs at a fixed time. We measured the width $\documentclass[12pt]{minimal}
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Peregrine solitons emergence {#Sec6}
----------------------------

Figure [4](#Fig4){ref-type="fig"} illustrates the numerically determined dynamics at smaller values of the beam waist ($\documentclass[12pt]{minimal}
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Figure [5](#Fig5){ref-type="fig"}a--g report the experimental results for the case $\documentclass[12pt]{minimal}
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                \begin{document}$${W}_{0}=30\,\upmu$$\end{document}$m. Observations of the Peregrine-like soliton generation are shown, both in intensity (Fig. [5](#Fig5){ref-type="fig"}a--d) and in phase (Fig. [5](#Fig5){ref-type="fig"}e--g). For a small initial waist, a localized wave, well described by the PS (Fig. [5](#Fig5){ref-type="fig"}b, d), forms and recurs without a visible wave breaking. This dynamics is in close agreement with simulations in Fig. [4](#Fig4){ref-type="fig"}d--g, where the PS is repeatedly destroyed and generated, each time at a higher order. Phase measurements are illustrated in Fig. [5](#Fig5){ref-type="fig"}e--g. Each PS has two-phase signatures: a longitudinal smooth phase shift of $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2$$\end{document}$, whereas the transverse PS phase shift outline unveils the value $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g=2$$\end{document}$, equal to the number of phase jumps (first from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi$$\end{document}$, then again from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0$$\end{document}$). This is summarized in Fig. [5](#Fig5){ref-type="fig"}h, which sketches numerical simulations of phase behavior at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${W}_{0}=10\,\upmu$$\end{document}$m, normalized in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[-\pi ,\pi ]$$\end{document}$. Figure [5](#Fig5){ref-type="fig"}h gives a picture of genera changes, PS occurrence and phase discontinuities. The genus is zero and the phase profile is flat until the first PS occurrences. After that, the phase value changes and the phase transverse profile presents two jumps of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi$$\end{document}$.Fig. 5Experimental topological control for a small waist. **a** Observation of optical intensity $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I/{I}_{0}$$\end{document}$ for an initial beam waist $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${W}_{0}=30\,\upmu$$\end{document}$m. Axis $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t$$\end{document}$ is time of output detection, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x$$\end{document}$ is the transverse direction. In this regime, we observe Peregrine-soliton-like structures formation (see Fig. [1](#Fig1){ref-type="fig"}b) \[the colored scale goes from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0$$\end{document}$ (dark blue) to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$5$$\end{document}$ (bright yellow)\]. **c**, **d** Intensity outlines corresponding to numbered dashed lines in (**a**): the blue lines are experimental waveforms, the pink continuous lines are fitting functions according to the analytical PS profile. **e**--**h** Phase measurements (**e**--**g**) and simulations (**h**) of the Peregrine soliton. The detected interference pattern during the first PS generation is reported in (**e**), corresponding to (**b**). The jump from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2\pi$$\end{document}$ along the white dashed line corresponds to the transition from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g=0$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g=2$$\end{document}$. The black dashed line highlights the jump, shown in (**g**). The experimental transversal phase shift profile along $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x$$\end{document}$ is reported in (**f**), showing the expected $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi$$\end{document}$ shift corresponding to (**b**). Error bars represent standard deviation. The inset shows the corresponding area of the measured interference fringes on the transverse plane. Phase simulations at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${W}_{0}=10\,\upmu$$\end{document}$m are reported in the bottom panel in (**h**) \[the colored scale goes from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\pi$$\end{document}$ (bright yellow) to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi$$\end{document}$ (dark blue) ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0$$\end{document}$ is green)\]. Top panel sketches Fig. [4](#Fig4){ref-type="fig"}a, for at-a-glance correspondence between genera changes, PS occurrence and phase discontinuities

The statistical properties of the PS intensity are illustrated in Supplementary Information (Suppl. Fig. [2](#MOESM1){ref-type="media"}f, g), and they confirm the occurrence of RWs in the small box regime.

Discussion {#Sec7}
==========

The topological classification of nonlinear beam propagation by the genera of the Riemann theta functions opens a new route to control the generation of extreme waves. We demonstrated the topological control for the focusing box problem in optical propagation in photorefractive media. By using the time-dependent photorefractive nonlinearity, we could design the final state of the wave evolution in a predetermined way and explore all the possible dynamic phases in the nonlinear propagation.

Such a novel control strategy enabled the first observation of the continuous transition from dispersive shock to rogue waves and soliton gases, demonstrating that different extreme wave phenomena are deeply linked, and also that a proper tuning of their topological content in their nonlinear evolution allows transformations from one state to another. The further numerical and experimental analysis reported in Supplementary Information proves that this new control paradigm in third-order media has a broad range of validity, where it is not affected by linear effects, like modulation instability or loss, but its nature is genuinely nonlinear.

In conclusion, our result is the first example of the topological control of integrable nonlinear waves. This new technique casts light on dispersive shock waves and rogue wave generation. It is general, not limited to the photorefractive media, and can be extended to other nonlinear phenomena, from classical to quantum ones. These outcomes are not only important for fundamental studies and control of extreme nonlinear waves, but further developments in the use of topological concepts in nonlinear physics can allow innovative applications for engineering strongly nonlinear phenomena, as in spatial beam shaping for microscopy, medicine and spectroscopy, and coherent supercontinuum light sources for telecommunication.

Methods {#Sec8}
=======

Photorefractive media {#Sec9}
---------------------

Starting from Maxwell's equations in a medium with a third-order-nonlinear polarization, in paraxial and slowly varying envelope approximations, one can derive the propagation equation of the complex optical field envelope $\documentclass[12pt]{minimal}
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Equation ([7](#Equ7){ref-type=""}) is the nonlinear Schrödinger equation (NLSE) and rules laser beam propagation in centrosymmetric Kerr media. For PR, the refractive index perturbation depends also parametrically on time, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta n=\delta n(I,t)$$\end{document}$. In fact, the amplitude of the nonlinear self-interaction increases, on average, with the exposure time up to a saturation value, on a slow timescale, typically seconds for peak intensities of a few kWcm^−2 [@CR51]^.

In our centrosymmetric photorefractive crystal, at first approximation $\documentclass[12pt]{minimal}
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One obtains Eq. ([8](#Equ8){ref-type=""}) from Eq. ([1](#Equ1){ref-type=""}) through the transformation ([3](#Equ3){ref-type=""}). We stress that, in this case, the dispersion parameter depends on time, as follows from Eq. ([4](#Equ4){ref-type=""}).

Numerical simulations {#Sec10}
---------------------

We solve numerically Eq. ([1](#Equ1){ref-type=""}) by a one-parameter-depending beam propagation method (BPM) with a symmetrized split-step in the code core^[@CR52]^. We use a high-order super-Gaussian initial condition$$\documentclass[12pt]{minimal}
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Experimental setup {#Sec11}
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In the present case, evolution is studied at a fixed value of $\documentclass[12pt]{minimal}
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